1 Basics

Definition 1 (Zorn’s lemma) If every totall ordered set in a poset P has an
upper bound in P, then P contains a maximal element.

Definition 2 An element m of a poset P is called maximal if there is no
y € P such that m <y and m # y. That is, if m is mazimal and m < x implies
m=ux

Definition 3 Let V be a non-empty set and F be a field. Then, V is a vector
space over F if for +: VXV —V oand . :FxV — V if

1. u+v €V | as implied by the definition of the function +
ut+v=v-+u

u+ (v+w)=(u+v)+w

e

There is an object 0 in V', called a zero vector for V', such that 0 +u =
u+0=uvVuumnV.

5. For each u in V, there is an object —u in V', called a negative of u, such
thatu+ (—u) = (—u)+u=0

6. If a is any scalar, i.e. an element of F, and u is any object in V, then
au is in 'V, as implied by the definition of scalar multiplication function.

7. a(u+v)=aou+av

8. (a+f)u=oau+ fu

9. (af)u = a(fu)

10. lu=u YueV andleF

Definition 4 Let X and Y be vector spaces over the same field. Then, an
operator T : X — Y is linear if for all z,y € X and scalars o, T(x +y) =
T(x)+ T (y) and T(azx) = oT ().

Lemma 5 An operator T : X — Y is linear if and only if Vx,y € X and
Va, B € F, T(ax + By) = oT'(z) + BT (y)

Proof. T(ax + fy) = T'(az) + T(By) = oT'(z) + BT (y)
Conversely, by definition, T'(az) = a(T(z)) = oT(x)
For the first property of linearity, we have

T(az + By)
oT'(z) + BT (y)
T(az) + T (By)



If ax = v and By = v, then from T(ax + By) = T(ax) + T(By), we have
To+u)=Tw)+T(v) =
Of special importance is the fact that for any linear operator T and 0 vector,

T(0)=0
Proof. T(0) =T(x — x)
=T(z + (—1x))

=T(x)+T(—1x)
=T(z) —T(x)
=0 m

Definition 6 Let Let X and Y be vector spaces and T : X — Y be an oper-
ator. Then, the null space N (T) or kernel of T, denoted by kerT is the set
{z | T(z) =0}.

This is the complement of the suppT
Theorem 7 Let T be a linear operator. Then ker T is a vector space.

Proof. For z,y € ker T, T (ax — By) = oT (z) — BT (y) = 0 so that ax — Sy €
kerT m

Definition 8 Let N be a vector space over a field F. A morm on N is a
real-valued function ||.|| : N — [0,00) such that

NI |lz]| >0Vx € N and ||z]| =0 < 2 =0
N2 ||oz| = |o| |||,V a € F,x € N (homogeneity)
N8 ||z +y|| < ||z|| + |lyl| for arbitrary xz,y € N (triangle inequality).

Theorem 9 N is Banach if and only if every absolutely convergent series is
convergent.

Proof. If B is a Banach space, then let > ||xx|| be convergent for a sequence
2. What this means is that we can have an integer N such that

oo
D Mzl <e
k=N

If we have an N such that for n,m > N, the partial sums S,, and S,,, for

can give us

k

n+1



for n < m. Then,

m m
> af < Y el <e
k=n+1 k=n+1
i.e. ||Sy, — Sp|| < € is Cauchy. Since this is a Cauchy sequence, we must have a

limit point S. Thus, S = lim S, exists and is finite so that the series converges.

n—oo

Conversely, let every absolutely convergent series be convergent and let x,,
be a Cauchy sequence. Since ||z, — 2| < €, we can have an integer ny so that
|lzn — T || < 271 for n,m > ny. Again, we can find a ny such that

|Zn — Tl < 272
for n,m > no. Moving on, we can find ny such that
|2Zn — zm| < 27F
for n,m > ny. In particular, since
Ng41 > N = Ny
we can have n = ni and m = ng41 so that we have
[Znis = 2| < 27k
Thus, we can have a subsequence nj such that
2 = zn || < 27"

If we substitute yy for x,, ., — z,,, then

S Dyl < €

implying that we have an absolutely convergent series. By our hypothesis,
it should converge. Thus, >y, — S and the sequence of partial sums of yy,
converges and this is a subsequence of x,,. Since x,, has a convergent subsequence
and is Cauchy, it will also converge to the same limit as its subsequence. Thus,
this particular Cauchy sequence converges, which implies our space is Banach.
]

Theorem 10 FEvery finite dimensional normed space N 1is complete.

Proof. Consider the Cauchy sequence x; and a set of linearly independent
basis {e1,ea,...,e,}. We can represent the k-th term of this sequence as xj =
agk)el + agk)eQ + .+ ozgc)en where the superscript is not a power but rather

serves as a reminder that the scalars a; will depend on k. Now, For n,m > N

lzn — zml| < ce
n
— Z (Ckgn) — a§_7n)) €; < €
j=1



n
Sa —afm| <

j=1

— dc such that ¢

< ce

n

() (m)
, (aj —a; )ej
Jj=1

ie. | (a;-n) — a;m)) < € which is a Cauchy sequence of scalars belonging
j=1

to a complete field. Needless to say, we have convergence so that we can use

n such limits of the form «; to construct z = aje; + ases + ... + e, so that

x € N. Now,

ek — 2|

i( " _aJ> €j

j=1

5 (o = a) el

j=1
k
(O‘g : O‘j)

IN

3

IN
S8

j=1

where b = maxe;
J

foe—al < 8|3 (ol - ay)

j=1
< be

so that the Cauchy sequence converges, implying convergence. m

Definition 11 Let (N, |.||;) and (M, ||.]|,) be normed spaces and T : N — M
a linear operator. The operator T is said to be bounded if there is a real number
¢ >0 such that Vo € N ||T (z)], < ¢z,

Theorem 12 Let T be a linear operator. Then, T is continuous if and only if
it is bounded.

Proof. Let T': X — Y be continuous. Then, ||T'(x) — T'(x0)||y < & whenever
[x — 0l x <0

or ||T(x —x¢)|ly < e whenever ||x —xql||y <¢

Let x — x¢ = ﬁ for @ > 0. This is justified since the denominator is
bounded and not equal to zero. Then,

&y

2o
clylixlly

or |T(y)lly <cllylly for some 0 < ¢ < a

Conversely, [ T'(y)lly < cllyllx

Let y = x —xq for [ly[ x = []x = %o[[x <9

Then, [|T'(x) — T(x0)|y < cd =€ whenever ||x —Xgl|y <¢ m

<e= Ty <allyllx




Corollary 13 Let T : N — M be a linear operator and N, M are normed
spaces. Then, if T is continuous at a single point, then it is continuous.

Corollary 14 z,, — x implies T (x,,) — T (z)

Proof. Let ||(z, — z)|| < €/||T|| for n > N. Then,

1T (zn) =T ()|
= T (zn —2)||
< T (zn —2)|
< €

]
Theorem 15 ker T is closed for linear, bounded T'.

Proof. For a limit point x of ker T, there exists a sequence x,, — x. From
this, T'(x,) — T (z). Since T'(x,,) = 0, then T'(z) = 0 so that z € kerT" m

This goes out to say that the range of a bounded operator need not be
closed. This enables us to differentiate between bounded operators and compact
operators. Since the operator is continuous, the inverse images of open (resp.
closed) sets must be open (resp. closed). If the image of a subset of the range
is not closed, then the domain must necessarily not be closed.

All the corresponding results hold for functionals.

We have already seen that finite dimensional spaces are much simpler than
infinite dimensional ones in certain aspects. Of particular note is the role of
operators and functionals on such spaces. We will show this by incorporating
matrices into our discussions. For a review of matrices, see the appendix.

Recall that for an n-dimensional vector, an r X n matrix acts on it to give
a r-dimensional vector. Thus, linear operators on finite dimensional spaces
can be viewed as matrices. Matrix operation is associative, linear and in some
cases, bounded and invertible, making it a perfect candidate for our present
discussion. We also have the added advantage of going computational. Here’s
how the equivalence can be made:

Let T : X — Y be a linear operator with X,Y normed spaces:

Let dim X =n < oo and dimY = r < oo and let basis of X be eq,es, ..., e,.
Then, every vector z in the domain can be represented using scalars «;’s such

that
n
xr = Zaiei
i=1

Applying the linear operator, we get

y=T(z)= Z%’T (eq)



If €1, és, ..., €, are the basis of the range, then every vector y can be represented

as .
Yy = Zﬁiéz‘
i=1

Now, every T (ex) is a vector in the range. Hence, this, too can be represented
as

T (ex) = Z’Yz‘kéi
i=1

where 3,7, are scalars in the field of the codomain. The scalar v will vary,
depending on the vector T (ey), which justifies the subscript. Now, the two
representations of y should agree. That is,

y="> Bex =y T (ex)
k=1 i=1

This equation implicitly assumes that we can know the (unique) images of each
member of the basis of the domain. The representation of the vector T (ey) is
placed into this equation to give

y = Y aT(er) =D ary Yiréi
i=1 i=1 i=1
= ZZ (orVir) €

i=11i=1

n
Now, y cannot have two different representations. We must have 5, = > (ax7v,1)
for each i. This should look familiar: it is a tuple of a vector b if you pLerform the
matrix multiplication Az = b= (f3;). Now, if we can determine these 5,’s, we
know the value of T (z). By now, it should be clear that in order to determine
the matrix equivalent A of T', we can safely say that A = (a;) = (v,). Notice
that this depends on the choice of basis for the domain so that there can be
many different matrices by changing the choice of basis of the domain.

Note that this is valid only for finite dimensional spaces!

Let us do an example to hit the point home.

Example 16 Let’s say we have an operator that skews a vector and reduces
a dimension. That is, T (z,y,2) = (3z,2y). To make our lives simple, we
will assume e; = (1,0,0) and ea = (0,1,0) as our basis in both spaces with an
addition of e3 = (0,0,1) in the domain. Now, T (e1) = (3,0), T (e2) = (0,2)
and T (e3) = (0,0). Therefore, the corresponding matriz is
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so that
A_[3 00 T3
1o 20 g | 2y

Recall the definition of supremum. It is an upper bound and the lowest of

the upper bounds of a set. Thus, we can collect all = such that ”:ﬂgfll)” < c and

define a supremum out of it. If we can find a smallest such ¢, then we have

Definition 17 The norm of a bounded linear operator T, denoted by ||T||, is
defined as ||T|| = sup L@l

[E]

Needless to say, this is valid when ||z] # 0. Also, the norm of ||T|| can be

taken over normalised vectors so that ||T|| = sup ||T (z)]|.
l[=]=1
Note the requirement for a norm to exist: the operator must be bounded.

IT@I e can safely say that || > 121 for all  so that

[E] [

Since ||T|| = sup
x

we have for ourselves the inequality
1T @) < 1T |||

Thus, the following definitions are equivalent:

1)) = suplT@L = sup |T@)| = swp |T(@) = sup T (@) =
. 70 lzl=1 0<||zf|<1 0< |||l <1
inf {k : | T (z)|| < k|, Va}

Proof. Let A = {”:ﬂgj‘”l)u cx e X\ {0}}

B={|IT ()] : v € X\ {0} and || = 1}

C={|IT (2] : 2 € X\{0} and [2]| <1}

D ={||T (z)|| : v € X\ {0} and [lzf| <1}

Since equal sets have the same supremum, we will show that A =B =C =D

Clearly, A contains B, C and D.

Let a € A

= a= ”ﬂ(;ﬂ)u for some z € X\ {0}

Since X is a norm space and closed under scalar multiplication, we can let
ylall = o

<= y #0and |y| =1 so that a = || T (y)|| for some y € X\ {0}

< a€B

< A=1B

It is clear that D C C and that BU D = C so that B C C as well.

Further, B = A C C so that we have B=A =C

To show that B C D

a€B

= a = |T (z)|| for some z € X\ {0} and ||z]| =1

Assume that Jz,, such that z,, — .

Let y, = “~Lz,. Then, y, — y. Furthermore, [|y,| < [|z,|| so that
Joll = 1 implies Jy]| < 1




Then, a, = |1 (ya)ll = [*2| 1T (z) || — I T (9)|| = @

Finally, we show that bup“ﬂ(z‘l)H inf {k: ||T (2)|| < k||z||, Yz}
2740

l‘ﬂ(T\)|‘

Assume that sup
x#0
Then, ||T (z)|| < o|lz||

— sup“ BN = o > inf {k: |T ()] < k]|, ¥z}

z#£0
Next, inf {k : | (2)|| < k|||, ¥z} > 1T > o — L for all n

So that inf {k : |T (z)|| < k|| ,Vz} = o = sup] ”(;‘”l)‘l [
240

This norm satisfies all the conditions of a norm space:
Proof. For N1, ||T|| > T @)l “7‘;;”‘”')“ =
0 which implies sup ||T (z)|| = 0. Since we have a supremum of non-negative
numbers and this is equal to zero, therefore ||T|| = 0 if and only if ||T (z)|| = 0
for all . This is only possible when 7' is the zero operator.
For N2, [T = Sup\laT(f)H _ SUpl(Jtl\lT(ﬂf)H _ |a\sup”T(z)” = |a||T]. In
xT x

=«

[E] [E] [E]
the second step, the homogenlty property is applied because of the norm of
R(T). In the third step, the scalar can be factored out because it has no role
in the supremum since it does not depend on .

For N3, sup |[(T1 + T5) (2)|| = sup |11 (z) + T2 (x)]|. Since [|T1 (z) + T2 (z)]] <
|7y (z)]] + || T2 (z)|| and so also their supremum, thus sup |7} (z) + T (2)]| <
sup (| T3 ()| + sup |13 (z)||

From this, we can have ||T7 + T[] < ||Th]| + ||T2] =

Thus, the space of bounded, linear operators T : X — Y between vector
spaces X and Y, denoted by B(X,Y) is a norm space. Under point-wise addition
and scalar multiplication, B (X,Y) is a vector space.

Theorem 18 IfY is a Banach space, then so is B(X,Y)

Proof. Now, remember, elements of B(X,Y’) are linear operators T so that
if we want to show that an arbitrary Cauchy sequence in B(X,Y’) converges,
we must take a sequence of operators and show that it converges. Let (7},)
be a Cauchy sequence of operators in B(X,Y). Thus, by definition, for all
€ > 0, 3N such that ||7}, — Tp|| < € whenever n,m > N. For all z € X and
n,m > N, we have |T,, (x) — Tp,, (z)|| = ||(Tr, — Trm) (z)|| (point-wise addition)
<|\T,, — Tl |lz]| (Ti’s are bounded)

Therefore, ||T), () — T, (z)|| < || T — Tm|| lz]| < € ||z||. Now, for any
fixed x and given €, we may choose € = €, such that €, |z| < €. Then,
7w (z) — T, (2)]] < €, € >0 and n,m > N implies T}, () is Cauchy in Y.
Since Y is complete, therefore there exists an element y such that the Cauchy
sequence T, () — y € Y. Now, the limit y depends upon the choice of
x because ||T, (x) —y|| — 0. We can call this y = T (x). Thus, we have
T,, (z) — T (z). To prove that T'(z) € B(X,Y), we need to show that T (z)
is linear and bounded.

Linear:



T (o + By)

= 113;0 T, (ax + By)

_ nle [T, (z) + BTy (v)]

= nlir;oaTn () + lim BT, (y)
_ Z;iifgo T, () + %;%Tn (%)
=aT (z) 4+ 6T (y)

Bounded:
[T (z) = T ()]
= |7 @ - Jim 720 )

Tim T, (z) = T (2)]
<l |7, — T[]

m—00

= [T (z) = T ()| |||

< ellz]

That is, ||T5, (z) — T (z)|| < e||z||. Hence the operator (T;, — T') is bounded
and T, — T € B(X,Y). Since T,, € B(X,Y) and B(X,Y) is closed under
addition, therefore T,, — (T, - T) =T € B(X,Y). =

A similar property holds for compact X and Y =R or C

Proposition 19 If X is a compact metric space and Y is a complete metric
space, then C'(X,Y), with the norm || f|| = sup|f (z)|, is complete.
xr

Proof. The existence of the norm is justified by the compactness criterion.
Suppose (fy,) is a Cauchy sequence in C(X,Y), so, as n — 00, || fn — fml —
0. In particular (f,(x)) is a Cauchy sequence in Y for each 2 € X since
|fn () = frm (2)] = [(fn = fm) (@)] < [[fn = foll |2l — 0 so it converges, say
to f(z) € Y . It remains to show that f € C(X,Y) and that f, — f. We
have that |f, (z) — f ()| < ||fn — fllllz]]| — O Vz ie., f, — f uniformly. It
remains only to show that f is continuous. For this, let x; — x in X and let
€ > 0. Pick N so that ey < e. Since fy is continuous, there exists K € N such
that £ > K

= |fn(zr) — fn (z)] <e. Hence k > K

— [f (@) - £ (@)

— |F (z) — fv (@) + fiv (@) = £ (@) + £ (02) — f (w2)]

< |f (@r) = fov (@)l + [ (2) = fv (@) + | f (2) = fv (@) — 0 m

Similar results hold for functionals. Just like we can have for ourselves a
norm space of bounded linear operators, we can have for ourselves a space of
functionals. All we do is collect bounded functionals and have for ourselves a
norm space.

Definition 20 The collection of all functionals on a vector space V over F is
called the algebraic dual space V* of V.

Since these are functionals, we can use our previous knowledge of functions
to give us our addition and scalar multiplication binary operators. That is, for



fi+ f2 € V* then
+:VFxV*F — V*

and
G Fx V¥ — V*
Then
+ (f1, f2) = (fi + f2) (x) = f1(z) + fo (2)
and

(o, f) = (af) (2) = a(f (z))

In this way, the additive identity is the zero function O () = 0 to give us a
vector space V*.

We can go a step further ahead and consider the algebraic dual space (V*)*
of the dual space V*, called the second algebraic dual V**. This is the space
of functionals on the dual space itself. We can move on and on but for now,
second algebraic dual spaces will suffice.

Here is one purpose of considering the second algebraic dual space: we can
define functionals of V* as follows: ¢ (f). Remember, g € V** and f acts as an
input variable, much like f € V* and acts on elements x € V. Just like we can
vary z to find different values for f (z), likewise we can vary f to find different
values of g. If we fix an « € V, then one way of defining g (f) is as follows:
9 (f) =gz (f) = f (z), with the subscript reminding us what to do with f.

This g is linear, keeping the x fixed.

Proof. g (afi + Bf2)

= (af1 +Bf2) (2)

= (af1) (z) + (Bf2) (z)
a(f1(z))+B(f2(x))

=ag(fi)+Bg(f2) m

Since V** is the collection of linear and bounded functionals on V*, g,
really is an element of V**. Just as we have kernels or null spaces of a specific
mapping, that is, kerg = N (¢g) = {z | g(z) = 0,2 € D(g)}, we can also have a
null space or a kernel of the entire vector space itself. In this case,

NWV)={z|f(z)=0,VfeV*}

We can of course do the same with the algebraic dual space in which every such
functional is considered. That is,

NV*) ={z] g (f) = f(x) =0,Vg € V¥*} = N (V)

This is indeed a vector subspace of V.
Proof. Let z,y € N (V*) such that f (z) = f (y) = 0 for any f € V*. Then,
f(az + By) =0 hence ax + Py € N(V*) =

In either case, dim N (g) and dim N (V*) < n if dimV = n. These facts
follow from the fact that both are subspaces and from the fact that dimV =
dim V'*

10



Notice the similarities and differences between the null space of an operator
and the null space the vector space itself.

We now move to a justification of that subscripted x to consider a relation-
ship between V and V**. Let us define a mapping as follows and call it the
canonical mapping: C : V — V** such that C (z) = g,. This mapping is
linear
Proof. C (ax + By)

= Yaz+By
f oz + By) Vf
af (z)+Bf (y)

= ags + Boy

=aC(z) +4C(y)

In mathematical literature, this mapping is also called the canonical embed-
ding of V into V**. Since this operator C is linear and takes elements from a
vector space to another vector space, we have for ourselves a vector space homo-
morphism! Provided that this mapping is bijective, we then have for ourselves
an isomorphism. The choice of the word "embedding" should be clear from the
choice of domain and range and the fact that we have a isomorphism to a subset
of the codomain. This is also stated as follows: V' is embeddable into V**. The
mapping C' is one-to-one provided that the functionals f are injective. i.e. if
we have two functionals g and h, then they are influenced because of different
elements from the domain.

Proof. Let C(z) = C (y). Then, g, =g, and f(z) = f(y) Vf = z=y =

Thus, if we limit the codomain to the range and assume that every func-
tional f on V is injective, then we have for ourselves a bijective C' and thus
an isomorphism. If the codomain and the range are already the same, then we
have for ourselves an isomorphism without limiting the codomain.

Definition 21 Let E = {ey,...,en} be a basis of X. E*= {e7,....eL} is an
(algebraic) dual basis for the algebraic dual space X * of X.

Now this definition may not be exactly enlightening but was only mentioned
to set some record straight. Let’s look at it from a computational point of view
(note that index 7 varies finitely). This is important because we want to be
able to find the elements of a dual space. The computation follows the manner

n n n
for operators. Thus, if © = > aye;, then f(z) = > a;f (e;) = > auef. For
i=1 i=1 i=1
now, f(e;) = e} is just a notation but we are trying to go in accord with the
definition given above, as will hopefully be made clear. Notice that

aq

n
* * * * . _ Lok
[61 €y ... €, 1 en] : = E ;e
i=1

o2

Clearly, our required 1 x n matrix A is, therefore, A = (e3;,) = (f (e;)) . By the
construction principle for linear maps (above), there exists a linear functional

11



fi = e; € E* which maps e; to 1 and the other basis vectors to 0. That is, for
each basis e}, ej (e;) = fr (e;) = dx; where 0,5 is the Kronecker delta function.
n

Thus, if we have a vector v = Y a;e; we must have
i=1

ey (v) = fu (v) = fu (Z%ﬁ) = Zaifk (e;) = ay,

which shows that the linear functional e] maps every vector of X to its i-th
coordinate with respect to the basis B. In order to be able to thus say that for

allz € X,z = 3 f; (z) e;, we need to show that the E* is a linearly independent
i—1

i=
set and this will be done in the theorem below but before that, notice how the
space and its dual are connected and that this construction works for any basis

E={e1,....,en}.

Example 22 The dual basis for the basis (1,0,0),(0,1,0) and (0,0,1) in R3
can be found as follows: (1,0, O)T , (0,1, O)T and (0,0, 1)T where the superscript
T indicates the transpose of this vector. Justify it to yourself that these trans-

posed vectors do indeed form functionals and the basis for the algebraic dual of
RS

Theorem 23 Let X be a vector space and E = {ey,...,e,} be a basis of X.
Then, E*={e},...,ex} = {f1, fa, ..., fu} is the basis for the agebraic dual X * of
X and dim X =dim X *=n

Lemma 24 Let X be a finite dimensional vector space. If xg € X has the
property that f (xo) =0 for all f € X*, then xg =0

Proof. Take g = > aje;. For all f € X* we have 0 = f (x0)
i=1
— 1 (Laier) = Sas ) = Saer o
i=1 i=1 i=1

*/9

Since ef’s are linearly independent, we must have a; = 0Vi. Hence zo =

n
Zaiei = 20=0 =
i=1
In addition to the algebraic dual space for vector spaces, we have an equiv-

alent concept, called simply dual space, for norm spaces. Such a space will be
denoted by X’

Corollary 25 C is injective

Proof. C.(f) = Co(g) = [f(2) =g(x) = (f—9)(x) = 0WVe —
f-9=0= f=g m

Theorem 26 (Hahn-Banach Theorem) Let (X, |.||) be a normed space and
let Y C X be a subspace. For any f € X', there exists f € X * such that f is

an extension of f (f(y) = f(y) for anyy € Y) and f” = fll

12



Corollary 27 Let X be a normed space and let xo # 0 be any element of X.
Then, there exists a linear bounded functional f on X such that HfH =1 and

f (20) = [l

Proof. Consider the subspace Y consisting of £ = axg. Define f on Y by
f(x) = allzgl]. f is bounded has norm ||f|| = 1 because |f (z)| = |f (axo)| =
| [|zol| = ]

From the Hahn-Banach theorem, || f|| = HfH = 1. Further, f (z0) = f (x0) =
2o m

Corollary 28 For every x € X, ||z|| = Su %

Proof. sup 7] )‘ > @] _ TH = ||z
fexs £l
Conversely. | (a)] < || le] fmplies sup L < ] w
fex

Corollary 29 X7’ and X are isometric. That is, ||g.|| = ||z||

Proof. .| = sup 150l = sup il = o] w

Theorem 30 (Principle of uniform boundedness (Banach-Steinhaus))
Let (X,|.||x) be a Banach space, (Y,|.|ly) a normed space and T, : X — Y
a bounded operator for each n € N. Suppose that for any x € X there exists
Cy > 0 such that | Thz||y < Cy for all n. Then there exists C > 0 such that
7.l < C for all n.

Theorem 31 If (x,) is a sequence in a Banach space and (f (x,)) is bounded
for all f € X', show that ||z, is bounded.

Proof. We will apply the uniform boundedness principle to the dual space
X*. This is complete, whether or not X is. The role of T, will be played by
Zn € X**. Recall that 2, is defined as the bounded linear functional on X*
for which &, (f) = f(x,) (f € X*). The assumption that (f (z,)) is bounded
means that for any vector f in our space X* the sequence &, (f) is bounded.
Using the uniform boundedness principle we get that there exists C' such that
|Z, || < C for all n. From the corollary of Hahn-Banach theorem, ||z,| = ||Zx].
]

2 Algebras

For a vector space V over F equipped with an additional binary operation from
-V xV — A is an algebra over K if the following identities hold for any
three elements x,y, and z of V, and all scalars « of K
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1. (x-y)z==z-(y-2) (Associativity)

2. (x+y)-z=x-z+y-z (Right Distributivity)
3.2-(y+z2)=x- y+az-z (Left Distributivity)

4. (az-y) = a(z-y) = alz - ay) (Compatibility with scalars)

These three axioms are another way of saying that the binary operation is
bilinear. An algebra over K is sometimes also called a K-algebra, and K is called
the base field of V. The binary operation is often referred to as multiplication
in V. For example, for the vector space C'[a,b] of continuous functions, the
ordinary multiplication of functions satisfies the above. If this multiplication is
associative and if there are inverses such that the for identity e = zz =1, then V
is an associative division algebra.

We can turn a norm space into an algebra if

lzyll < [l |yl

holds for all x,y
If the space is complete, then the norm algebra is referred to as a Banach
Algebra.

Example 32 Let H be a Hilbert space. The norm operator on the algebra

B(H) of bounded linear operators on H is a norm space with multiplication

defined by composition. Then, ||T'S| = sup ||T(S(x))|| < sup |T|||S]| =
lzll=1 lzl=1

T\ 1IS||. Since B(H,H) = B(H), therefore B (H) is complete and forms a

Banach Algebra

Example 33 Corresponding results for C (X), continuous functionals defined
on a compact space X, with the pointwise multiplication (fg)(z) = f(z)g(x), is
a Banach algebra. First, collection of bounded functionals forms a vector space
(dual space). Azioms for algebra are routine to verify. Norm can be defined as

Ifll = sup |f(x)|. The unit element is the function e(x) = 1. This has norm
flzll=1
1. Finally,|| fgll = Sip (fg) (@)
= s £ @) < sw |f @) s lo@)] = Wlloll This space i

complete since X compact and'Y =R or C is complete

Example 34 If A is a normed (resp. Banach) algebra, A™ .= Ad .. ® A (n

copies of A) with the norm defined by ||(x1,..,x,)|| = max {llz:||} s a normed
sStsn

(resp. Banach) algebra.

Proposition 35 FEvery isometric function between two Banach Algebras is in-
jective hence
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Proof. ||z|| = ||T (x)]|, then T () = 0 implies ||T (z)|| = ||z|| = 0 implies z = 0
[

Proposition 36 FEvery finite dimensional algebra is complete
Proof. Every finite dimensional norm space is complete. ®
Proposition 37 |le| > 1

Proof. o] = [lze| < [|e]|[le]
e >1 m

Proposition 38 [lz| " < |z~

Proof. ||xx_1|| = lle|| < ||zl ||CU—1||
That is, 1 < ||z| ||x*1||
| < 7 ] (|2

[EI e

For Banach algebras, the condition of being non-unital is superfluous and the
unitization process can be applied to Banach algebras that are already unital,
too. Let A be a Banach algebra. Set A; := A x C and define the ordinary
operations by (z,\)(y, 1) = (zy + Ay + px, Ap) and [(z, A)] := ||z|| + |A| for
all z,y € A and \,u € C. The algebra A; is called the Banach algebra
unitization of A. It is straight-forward to check that the above definitions
give us an algebra with unit (0,1). The inequality is also easily seen to be
valid, using which we can show that any Cauchy sequence (x,,, A,,) converges to
(z,A) if z,, — x and A,, — \. We adopt another approach using the familiar
completion process.
Proof. First, we focus on the construction of (Ay,|.|[;). The idea is to get
apn = (Tn, A\n) and B,, = (yn, v,) Cauchy sequences and call them equivalent if
|l — B,ll; — 0. Let x,, and y,, be Cauchy sequences in A. We will call two
Cauchy sequences equivalent if they have the same limit i.e.

lim |z, — ya| =0

n—oo
This will be written as (z,) ~ (yn,). We can then gather all such equivalent
sequences and form an equivalent class. Indeed, (z,) ~ (x,) is trivial, so this

relation is reflexive. Also, since the arguments of a norm function are symmetric,
the relation ~ is symmetric. Finally, if (x,,) ~ (y,) and (y,) ~ (z,), we have

[2n = znll < lzn = ynll + 120, —ynll

Taking limits on both sides and using the fact that the norm function is always
positive, we have

lim ||z, —2,]| =0

n—oo

so that (z,,) ~ (z,), implying transitivity. Now, the set C is already com-
plete and, therefore, already contains well-defined equivalent Cauchy seqeunces.

15



Combining these with our previous equivalence class, we can have another equiv-
alence class, the construction of which is similar basing it on component-wise
addition and scalar multiplication with the above vector multiplication. Thus,

we can have for ourselves an equivalence class (i, 5\) = {(a’:n, ;\n)} of Cauchy

sequences. We can collect all such equivalence classes Z, 9, ... and form the set
A;. For this set, we can have the norm

12 =9l == lim ||z, —yn| + Hm [N, — vy
n—oo n—oo

where (2, An) € & and (yn,v,) € 3. Note that this is not equal to zero since x,
and y, are members of a different equivalence class. Furthermore, it is trivial
to show that this newly defined norm satisfies the axioms for a norm.

To show that this limit is well-defined or that this definition is sensible and
not ambiguous with different results for the same choice of inputs, we will first
show that this limit exists and then show that it is independent of the choice of
representatives. First, we have

120 = Ynll+An = vnl < flzn = Tl + A0 = AmlHl2m = ym [+ Am = Vml+lym = ynll+om —on
=

120 = ynll+1An = vnl=llzm = yml=[Am = vm| < 20 = Tl +1An = Am[+lym = ynll+lvm —vn
Similarly,

[Zm = Ymll+[Am = vm| < [2m = Zall+An = Am[+H2n = yall+An = vnl+lyn = ymll+lom —vn
_—

[Zm = Ym [+ Am = vm|=ll2n = ynll=|An = O] < l2n — 2|+ A = Aml+lym = ynll+vm —on
BN

= ([|zn = 2l + [An = Am| + [y = Yl + [vm — vn]) 2 |20 = Yall+An — Vol =Zm = Ym = Am — v
this is basically b > a and —b > a so that we have |a| < b. Hence,

llzn = yall + [An = val = lZm = ymll = [Am = vml < l2n = 2w+ An = Aml+lYyn = Ym|l+vm — vn

Now, since x,, is Cauchy, we have ||z, — x| < €/4 and similarly ||y, — ym| <
€/4, |[um — vn| < €/4 and |\, — A\jy| < €/4. This in turn implies that for n,m >
N

zn = yull + [An = va] = [[2m — Yl — [Am — vm|| <€

so that
lm ||z, —yn|| + Um [N, —v,| = lm |2 — Ym| + Hm |Ap — U]
n—oo n—oo m— 00 n—oo

Hence, ||Z — g||; is just as valid for any Cauchy sequence. It is now routine to
show that (Ay,|.||;) is a Banach space.

16



We have just proved that for any Banach space (A4, ||.||), we will have another
metric space (A, ||.||;) by accounting for the limits of the Cauchy sequences,
made possible by clumping all Cauchy sequences with common limits in both
arguements. Let T : A — A; be a mapping such that T'(a) = (G,0) where @ is
an equivalence class of Cauchy sequences. This is an isometry. =

Proposition 39 Multiplication is continuous in Banach algebras

Proof. Let x,, — = and y,, — .

[ — 291l < 2 — 2| lyall + lyn — yll ll2al — 0 m

Given a Banach algebra (A, ||.||), for every real number r > 1, (A, 7 ||.||) is
a Banach algebra too. Thus the norm of the unit is not necessarily 1 in unital
Banach algebras. However, the norm of an arbitrary Banach algebra can be
replaced by another norm so that the new norm of the unit to be 1.

Proposition 40 Let (A, ||.||) be a unital Banach algebra. Then there exists a
norm ||.||, on A such that

(i) The norms ||.|| and ||.||, are equivalent on A,
(ii) (A, |.]l,) is a Banach algebra,
(i) |lell, = 1.

Proof. We have already proved that B(A) is an algebra. We embed A
into B(A) by left multiplication; Let L, (y) = xy. Then, L, (y1 +y2) =
L, (y1) + Ly (y2) and L, (ay) = aL, (y) so that this operator is continuous.
Hence B(A) # &

Next, let L: A — B (A) be defined as L (z) = L,

Then, L (z +y) = Layy

Now, Lyty (2) = (x +y)z = ®z + 2z = L, (2) + L, (z) for any z so that
L(z+y)=L(z)+ L(y)

Similarly, L (ay) = oL (y)

Hence L is a homomorphism. We define the norm |.||, on A to be the
restriction of the operator norm of B(A) to the image of A, that is |z||, :=
[zl = sup [lzyll

llyll<1
For [|y|| <1, we have [[zy|| < |[lz| [y < [|z[l. This shows that [[z[|, < [l«].

On the other hand, we have

2] _ llzell

= < sup [lzy|| = [|l]
lell el — 20 °

This shows that ||z|| < |le| ||z||, for all z € A and completes the proof of (i). It
follows from (i) that A is a closed subalgebra of B(A), so it is a Banach algebra
with the new norm ||.|[,. Part (iii) is clear from the definition. m

x € A is called invertible if there exists y € A so that xy = yzr =e. This y
is unique
Proof. y1 =yre=y1zys =yo M
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The set of invertible elements is denoted by G(A). This is a group
Proof. If z,y € G (A), then 27, y~! € A and (zy) (y 'o7') =e

= zy € G(A)

Associative carries over

ce=ec = e l=ec = ecG(A)

r€EGA) = 27'€eAd = zxl=zlz=c = 27! € G(A) since
(:17*1)71 isz m

Proposition 41 Let A be a Banach algebra. If x € A, ||z|| < 1, thene —x €
G(A) and (e — x) Zx"

o0
Proof. From [|z"| < |z|" and |jz|| < 1, we have that ZHJ:”H converges

n=0
as a geometric series with ratio less than 1. An absolutely convergent series
o0

is convergent in a Banach space. Thus, Za:” exists. Omn the other hand,

n=0
(e—x Ex e—thix
k

Since multiplication is continuous, this equals lim (e — x)Za:
k—oo

n=0
k k
lim eE x"—xE z"
k—oo
n=0 n=0

n

k k
— 1 n __ n+1
i (Lo 3
n=0 n=0
= lim (e—a**!) =e
k—oo
o0
Similarly, Zm"(e —z)=e

n=0

Hence (e — ) E z™

Corollary 42 |z —e|| < 1 implies 27! = Z (e—az)"

n=0

Proof. Takey =c¢—=x

o0

Then, (e—y)fl:ac_l:Zy":e i (e —x)

Proposition 43 Inversion is a continuous process
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Proof. Let a be an invertible element. Let ||z — al| < 1/||a el =
[(x=a)a™| < [lz—al|ja™?|] < 1 hence by previous corollary apphed onza~

instead of z, we get ax -1 = Z (e—xa 1) Za e—xa ) .

n=0
00

Za‘l (e - axa‘l)n

n=1

> e ay|

n=1
[e%S)

<l 13 lla [ lla =l fle = wa |

n=1

2 > 1
= lla " lla == > Jle — wat||""

The latter is a geometric series with ratio He —zxa~
1> ||z —al ||| > |[(x—a)a™| = ||za~* — ¢||. Using this, we can have for
ourselves the required e. Thus, for any ¢ > 0, we can have § = 1/ Ha‘lH,
implying continuity. m

Hence Hx_l — a_lH =

< [l

1 H and is convergent since

Proposition 44 G (A) is open
Proof. Let a € G. Let ||z —al| < 1/[la™!||.

zat —e| =|[(x—a)a”!|| < |z —all||a™*| < 1 hence za' — e+
e=wat€G(A) = z€G(A). m

Exercise 45 Construct a sequence of invertible elements in C[—1, 1] which con-
verge to a non-invertible element in C[—1,1]

Solution 46 Consider functions f,, = %e where e is unit. Then, f, — 0 but
this limit not invertible.

Lemma 47 If z,, € G (A) such that x, — x € 6G (A) = G (A) NG (A)°, then

]| — o0

Proof. Assume the contrary that Hx;l || < k for every n. Then, from ||z, — z|| <
1/k, we have ||e — z,'z| < Hx;IH |z, — x|| < 1 so that z, 'z is invertible
= 1z € G (A) implying that G (A) is closed. ®

Exercise 48 Let A be an algebra, with unit e. Is the following true or false?
1. fr=x forallr € A = f=e¢;
. 0z =0 for all x € A; true
zy=0 = x =0 ory=0; false

2
3
4oay=zzv=e = 2 €G(A) andy=z=12"1 True
5 zy;yr € G(A) = x;y € G(A);

6

Laxy=e = € G(A) ory € G(A);
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3 Analytic Maps
Definition 49 A mapping g : 2 C C — A is analytic at \g € Q if

_g(A) —g(X)
/\hHH)}o A— Ao

exists. g is said to be analytic on Q if it is analytic at every point of )

Proposition 50 g: p(a) — A such that g(\) = (a — Xe) ™" is analytic

A)—g(A a—Xe) "t —(a—Xoe) ! (a—Ae) "' (e—(a—Xe)(a—Xoe)
Proof. Z=g00) _ (e30)” —(adoe) ™! _ ( (e )

_ (a—ke)71((a—ko)—(a—)\e))(a—koe)71
o
_ (a—Xe) "' (a—Aoe—a—Ae)(a—Npe) !
Yo
_ (a—Xe) ! (Ape—Ae)(a—Nge) !
o

=(a—Xe) ' (a—Aoe) "

Now, ||[(a — Ae) — (a — Aoe)|| < |A — Ao| < 6 says that a — Ae — a — e if
)\ — )\()

Also, inverse function is continuous and, therefore, (a — )\e)fl is continuous.

Hence Ali_}n;OM =(a—Xoe)’ m

A=Xo

Theorem 51 (Liouville’s Theorem) Suppose g : C — A is analytic and
bounded. Then, g is constant.

Proof. Let ¢ € A’ be a linear bounded functional on A. Define f:C—
Cby f(A) = é(g(N) for A € C. Since g is analytic, then for A\g € C,

)\ILH){Og()})\:ig)\o) = ¢/ (Ao) exists. Now, LQ=100) _ 2l —0las)) _ 4 (g()\))\:if))\())>

since ¢ is linear. Then,

Jim SO0l (99=409) = (g (Ao)). Hence f is analytic.
— A0 —A0

Further, f is bounded because
lf (N =19 (g (V)]

<ol lg (Ml
< |l¢|| M since g is bounded

Thus, by classical Louiville’s theorem, f is constant. For A # Ag, ¢ (g (A\) — g (Mo))

¢ (9 (N)=0(g(Xo)) = f (N)—f (Ao) = Osince f is constant. Thatis, ¢ (9 (A) — g (Xo))
0 for all ¢. Hence g(A) =g (Xo) ®

4 Spectrum
Let z € A. Then wedefine p(z) = {A:x—Ade€ G(A)},o(x) ={ 2 —Ae € G(A)},
r(z) = sup |Al

Aeo(z)

Theorem 52 o (x) is closed and bounded
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Proof. We prove that p(x) = C — o (x) is open. Let A\g € p(z). Then, z — Age
is invertible. There is a neighbourhood N C A consisting wholly of invertible
elements. Now, for a fixed x, the mapping A\ — x — Ae is continuous. Hence
all z — Ae with X close to A, say |\ — Ag| < 0 lie in NV so that these o — Ae are
invertible. This means that the corresponding A\ belong to p(z). Thus, every
point of p(z) is an interioir point, implying that o (x) is closed.

Next, if |A| > ||z||, then H)flaﬁH < 1 so that e — A 'z is invertible. Hence
AMe—X""2)=Xe—z€G(A) = )€ p().

That is, A € o(z) = [A| <z =

Corollary 53 r(z) < ||z]|

Theorem 54 o(z) # &

Proof. Let o(z) = @ and |A| > ||z||. Then, (z —Xe) ' = —Z)f"ilx”. For

any non-zero f € A’, define g : p(z) — C such that g (z) = f ((m - )\e)_l).
This function is defined on all C.

Then, f<(:17—)\e)_l) - f(fZ)\_"_Iz”) = =3 A""Lf (2") hence
g (2) has a power series representation about every point and is thus holomor-
phic. 16 | > 21| then |g (2)] = | £ (~ 352" | < 11 S I el <
% 22_" = 2% so g is bounded. By Louivelle’s theorem, g is constant.
Since g(z) — 0 as z — 00, g(z) = 0. Thus, f(y) = 0 for all f implies

y = (z—Xe)"' =0, a contradiction ®
Proposition 55 A € o (z) = A" € o (a™)

Proof. We prove the contrapositive. Let n € N and let A € C be such that
A" € p(z™). We can write 2" — A"e = (x — Ae) (/\"_16 + AT " t)
and now multiplication from the right by (2 — A"e)~! shows that x — Ae has
a right inverse. A similar calculation provides a left inverse also, so it follows
that A € p(z) =

Proposition 56 For A ={\:|\| <1/r(z)}, thene— lz € G (A)

Proof. It is inherently assumed that r (z) # 0.
We can combine 7 (x) < ||z]| and 0 # X € A, |A] < 1/r(z) or 1/ |\ > r (z)
to get 7 (z) < Jlzl] < 1/ |
Focusing on the right side, we have ||zA|| < 1. The result follows. m

Theorem 57 r(x) = lim Hxn”l/n

Proof. We prove limsup [|z"[|"/" < r () < liminf [|z"||"/"
A€o (x) = A" €0 (z") so that |[\"| = |A]" < ||2"|| for all n € N. Hence

r(z) < inf [|z"|", for all n € N, which implies the right hand side inequality
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Let ¢ € A’ be any functional. From above, we have that A € A =
{N A <1/r ()}, then e — Az € G(A). Hence can define the function f :
A — C such that f(\) = ¢ ((e - )\x)fl) =9 (Z )\"m”) = Z)\n¢ (z™) so
that f is analytic. Moreover, the sequence A" ¢ (z™) — 0 for each A € A and is
bounded. Thus, by the principle of uniform boundedness, A"z™ is bounded.
Hence |[A\"z™|| < M for all n and ||x”||1/" < MY"/|\ and consequently
limsup [l /" < 1/|)

In summary if r (z) < 1/|A|, then limsup ||z ||"/™ < 1/|A|. Tt follows that
limsup [|z"|Y" < r(z) =

Proposition 58 o (ab) = o (ba)

Proof. We prove that e — ba is invertible if and only if e — ab is. The rest
follows. If (e — ab) ¢ = e, then (e + bca) (e — ba) = e — ba + bca — beaba. Given
that ¢ — cab = e, then e — ba + bea — beaba = e — ba + b(c — cab)a = e and
similarly the converse m

Corollary 59 r (ab) = r (ba)

Theorem 60 (Spectral Mapping Theorem) For a polynomial p on C, de-
fine p(o(z)) as {p(2) : z € (A)}. Then p(o(z)) = o (p(z))

Proof. Let z,a € C. Compare the factorisations

p(z) —ae=e[[ (x5 (a)e)
i=1

Here the coefficients ¢ and 3, («) are determined by p and a. When « € p(p(x))
then p(z) — cee is invertible, which implies that all z— 3, () e must be invertible.
Hence a € o (p(z)) implies that at least one of the z—§; («) e is not invertible, so
that 8, (a) € o(x) for at least one 4. Hence p(f; (o)) —a =0, i.e., a € p(o(x)).
This proves the inclusion p (o (z)) 2 o (p(z))

Conversely, when « € p(o(x)) then « = p(z) for some z € o(x), so that for
some 4 one must have 8, (o) = z for this particular z. Henceps, () € o(x), so
that  — 3, (o) is not invertible, implying that p (z) — ce is not invertible, so
that € o (p(z)). This shows that p (o (z)) C o (p(z)) m

Corollary 61 o (z") = o (z)"

Proof. For p(z) = z" and p(o(x)) = o(p(x)), we have that o (™) =
p(o(@)=0(z)" =

Proposition 62 The linear combination of injective operators is injective

22



Proof. It is straightforward to show that a linear combination of linear opera-
tors is linear. Let T, S be bijective on the same domain. Then, T (y) = 0 and
S (y) = 0 implies y = 0 and we need (o7 + 85) () = 0 implies z = 0. If x # y,
then T'(z) = 0 so that kerT' # {0} =

Exercise 63 Let T : 1> — % such that T (z1,22,...) = (xl, 2,5, ) What
iso (T) andr (T)?

Solution 64 A bit of trickery: T is injective, A is injective YA # 0. Hence
T — A is not invertible for A = 0. But this is not the only value since we are
not accounting for surjectivity.

If X € o(T), then (T — M) is not invertible. That is, ker (T'— A\I) # {0}
= (T —X)(z) = (21 — Ar1, B — Awg, B — Aas,...) = (0,0,...)

= )\:% if x; # 0 for all i

Hence {% ‘n € N} = o (T). On the other hand, 1 < limsup {/X Zn 2 <

r(T) < liminf {/% |2 ? < lim¢ (2k) = 1 so that r(T) = 1 where ¢ is the
Riemann Zeta function.

Theorem 65 (Gelfand-Mazur theorem) If G (A) = A\ {0}, then A=C

Proof. We can pick a number A € o(x) for each z € A. So z — Xe € G (A)
but the only non-invertible element of A is the zero vector, so we must have
that x = Ae. The map T : A — C such that x = Ae —— X has the desired
properties. That is, f (\e) = A.

This map is well defined and injective since A\je = Age if and only if Ay = As.

Next, for every A\, we can have Ae = = so that f is onto. Linearity is clear and
[zl = |Al =

Theorem 66 Let A be a unital Banach Algebra. If there exists k < oo such
that ||z|| lyl] < k||lzyl|, then A is isometrically isomorphic to C

Proof. Let z, € G (A) such that , — x € G (A)%, then |zt || — oo so
that ||z, || ||z, < & ||z, an|| = &

= |zl <&/ |27t — 0

Hence any boundary point of G (A) is zero and not invertible. Now, for

arbitrary z € A and A € o (z) Np(x) C C, e —x € G(A) NG (A) so that
de—x=0

= A={)de: X e}

Thus we can define f: A — C such that z = Xer— A =

5 Multiplicative linear functionals

Definition 67 A linear functional f : A — C is mulitplicative if [ (xy) =
[ (@) f(y) forallz,y € A



Example 68 For A=C, f(z) ==z
Example 69 For A =C", f;(z1,22,...,2n) = 2;

Example 70 A = C(X) where X =compact Hausdroff, F, (f) = f(x), the
default functional on C (X)

Proposition 71 Let A be a commutative unital Banach algebra and f # 0 be
a multiplicative functional on A. Then

1. f(e)=1
2. f(z)=0Vz e G(A)

3. f (x’l) = f(l')il

Proof. Since f # 0, so there exists at least one a € A such that f (a) # 0 and is
therefore invertible. a = ae so that f (a) = f (ae) = f (a) f (¢). Apply f(a)"
on both sides

Next, let € G (A). Then, f(zz') = f(z)f(z7') = f(e) = 1. Now,
f(z) =0, then 0 = 1, a contradiction.

Apply f (m)f1 on both sides to get the last answer. ®

Theorem 72 Let A be a commutative unital Banach algebra and f # 0 be a
multiplicative functional on A. Then f is continuous

Proof. Let f(z) = A. If |f (#)| > [|z||, then [A| > ||z so that ||%|| <1 so that
e—4% € G(A). Thus, f(e—%) #0or 1 — 1f(x) # 0so that f(z) # \. A
contradiction.

Hence |f (z)] < |lz|| so that f is bounded and any linear functional is
bounded if and only if it is continuous.

Also, [[f]l = sup |f(z)] < sup [lz]| =1
o) =1 o) =1

Conversely, || f]| = sup |f (z)] > |f (¢)] =1

llzll=1

Hence ||f]|=1 =

Definition 73 The collection of all multiplicative linear functionals is called
the set of characters of A or the structure space of A.

A multiplicative linear functional is also called a character. This set is de-
noted by A (4).

A (A) is also called the maximal ideal space, for reasons that will become
clear in the next topic.

24



6 Ideals

Definition 74 Let A be a commutative unital Banach Algebra. A subset I of
A is said to be an ideal of A if

1. I is a subspace of A
2. Iface A,z el, thenax €1
{0} and A are improper ideals of A. All other ideals are proper ideals.

Definition 75 A proper ideal M of A is said to be mazximal if it is not properply
contained in any other proper ideal of A. That is, if M C K C A, then either
M=KorK=A

Theorem 76 Let A be a commutative Banach Algebra. Then, A is a division
algebra if only if it has no non-trivial ideal.

Proof. Suppose A is a division algebra. Let I # {0} be a non-zero ideal of A.
We will show that A=1. Let 0 Az €]

—=zcA

= there exists z=! € Asuch that zz ! =2 " la =ec A

Now, forz € Jandz~ ' € A

= axrxt=ccl

Then, for any a € A, ae = a € I by definition of ideal

Hence A = I and A has no non-trivial ideal

Conversely, assume that A has no non-trivial ideal. We show that A is a
division algebra.

Let 0 # 2 € A. Consider T = {zy:y € A}

Then, for a,b € I, there exists y1,y2 € A such that a = zy; and b = xy».
For o, 8 € C,

aa + Pb

= azyr + Bry:

=z (ay1 + By2) = y since A is closed.

Hence aa + Bb € I. Next, fora € Aand i € I, ¢ = zy; and ai = azy; =
xay; = xy € I. Hence I is an ideal.

But since A has no non-trivial ideals, then either I = {0} or I = A. If
I = {0}, then = = 0, contradiction. Hence I = A. Hence e € I. Thus for x € A,
there exists y such that xy = e. Since x was arbitrary, therefore A is a division
algebra. m

Theorem 77 If A is a commutative Banach Algebra, then I is a proper ideal
of A when I is a proper ideal of A.

Proof. We first show that I is an ideal of A. Take 2,y € I. Then, there exists se-
quences T, Y, € I such that z,, — z and y,, — y. Now, ||z, + yn — (z + )| <
lzn — || + l|lyn —yll — 0. Hence z,, + y» — = +y. Next, for a € C,

oz, —azx| = |a| ||z, —z|| — 0. Hence ez, — ax. Hence for z,y € I,
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we have axz and © +y € I. Thus, I is a subspace of A. Now, for a € A,
laz — azy| < |lal| |zn — z|| — 0. Hence ax € I. Therefore, I is an ideal. To
show that I is proper, assume by way of contradiction that it is not. Then,
I.= {0} or I = A. In the former, we since I C I, we have I = {0}, implying
the contradiction that I is improper. If I = A, then e € A implies e € I. Thus
e is a limit point of I. By definition of limit point, for every nbd N, (e), we
have N (e) NI # @. We know that G (A4) is open. Thus, we must also have
G(A)NI # @. Hence there exists z € G(A) and = € I. This implies there
exists £7! € A such that zz~! = 7'z = e. By definition of ideal, e € I. Then,
for any a € A, ae = a € I by definition of ideal. Hence A = I implying the
contradiction that I is improper.
Hence I is proper. m

Theorem 78 Let M be a maximal ideal in a commutative banach algebra with
unity A. Then, M is closed.

Proof. In order to show that M is closed, we show that M = M. We already
have M C M. By previous theorem, M is proper implies M is proper. But M
is maximal. Thus, M C M C A implies either M = M or M = A. The latter is
impossible since M is proper. Hence M = M m

Theorem 79 Let A be a commutative Banach Algebra. Then, no proper ideal
contains any invertible element of A

Proof. Assume by way of contradiction that a proper ideal I of A contains an
invertible element. Then, G (A) NI # @. Hence there exists © € G (A) and
x € I. This implies there exists 27! € A such that z2=! = 27!z = e. By
definition of ideal, e € I. Then, for any a € A, ae = a € I by definition of ideal.

Hence A = I implying the contradiction that I is improper. =
Theorem 80 FEach proper ideal of A is contained in some mazimal ideal of A

Proof. Let I be any proper ideal of a A. Define a set P ={J C A : J is ideal
and I C J}. Then, (P,C) is a poset

a) clearly, J C J for any J € P

b)If JC K and K C J for JK € P, then J =K

c)f JCKand K CLfor JJK,L€ P, then JCL

Hence (P, C) is a poset. Let £ be a totally ordered subset of P. This means
that £ is a set of proper ideals of A which contain I and for every two elements
J, K of L either J C K or K C L. Let M, = U J. Since M, is the union of

JeL

every J € L, we have that M, = U J D J for every J € L. That is, M, is an

JeL
upper bound for £. To show that M, is in P, we need to check that M, is a

proper ideal of A and contains I.
Since each J is a proper ideal, we have e ¢ J for each J € L. This implies
that e € M., hence that M, # A.

26



Next, for a,b € M. Then, there is some J,, J, € L with a € J, and b € J,.
Since L is totally ordered, then either J, C J, or J, C Jp. If J, C Jp, then
a,b € J, implies aa+Bb € Jy, for any «, 8 € C. Also, since J, C M, this implies
that aa + Bb € M. Again, if J, C J,, then a,b € J, implies aa + Bb € J, for
any «, 8 € C =aa+ b € M. Hence M/ is a subspace.

Next, for x € M, and a € A, we have x € J for some J C M. Hence by
definition of ideal, za € J

=—=ax € M,

Hence M/ is an ideal

Clearly, I C J C M,

Thus, My € P

Having verified the hypothesis of Zorn’s lemma, we are guaranteed the exis-
tence of some maximal element M € P of P. Thus, M is a maximal ideal and
I C M. Since I was arbitrary, this completes the proof. m

Theorem 81 Let A be a unital commutative Banach Algebra. Then, for any
linear functional ¢ : A — C, if I is an ideal of A, then ¢ (I) is an ideal of C

Proof. Let I be an ideal of A. We show that ¢ (I).

Let a,b € ¢(I). Then, there exists z,y € I such that a = ¢ (x) and
b= ¢ (z). Now, for o, 8 € C, we have

a6 (2) + B (9)

= ¢ (az + By)

Now, I is a subspace implies ax + By € I. Hence ¢ (ax + By) € ¢ (I)

or a (z) + B (y) € 6 (I)

or aa + Bb € ¢ (I)

Next, if a € ¢ (I), then there exists x € I such that ¢ (x) =a € ¢ (I). For
z € C, since [ is a subspace and closed under scalar multiplication, we must
have zz € I. Hence ¢ (zz) € ¢ (I). Now, za = z¢ (x) = ¢ (zz), thus za € ¢ (I)

Hence ¢ (I) is an ideal of C. m

Theorem 82 Let A be a commutative unital Banach Algebra and f € A(A).
Then, ker f is a mazimal ideal of A

Proof. To show that ker f is a maximal ideal, we first show that ker f is an
ideal of A. Since f is a multiplifcative linear functional, so f (0) = 0. Thus,
0 € ker f hence ker f is non-empty. Let x,y € ker f and «,3 € C. Then,
f(ax+ By) = af (z) + Bf(y) = 0. Hence ax + By € ker f, implying that
ker f is a subspace. For = € ker f and a € A, f (az) = f (a) f () = 0. Hence
azx € ker f

To show that ker f is maximal, assume that there exists an ideal M of A
such that ker f C M C A. Since M is proper, and f is linear, so by above
theorem, f (M) C C is a proper ideal of C. But the only ideals of C are {0} or
C itself so f (M) = {0} or f(M)=C

If f (M) ={0}, then ker f = M

If f(M)=C, then M = A

That is, ker f C M C A implies ker f = M or M = A

Hence ker f is maximal. m
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7 Quotient Algebra

Let X be a normed space and M be a closed subspace of X. We define an
equivalence relation on X by x ~ y modm iff y — z € M. Now we show that ~
is an equivalence relation.

1) Since M is a subspace of X, so 0 € M. Hence z —x € M so that x~ x

2) © ~ y implies  —y € M. Since M is a subspace, then it must also have
additive inverses, implying that — (z —y) =y —x € M. Hencey ~ x

3) Let z ~y and y ~ z. Then, z —y € M and y — z € M. Since M is
a subspace, it is closed under addition. Hence v —y+y —2 =2 —2 € M.
Therefore, z ~ z

For x € M, we define an equivalence class C,, = {y € X : y ~ z}

={yeX:z—ye M}

={ye X :x—y=m for somem e M}

={ye X :y=ux+m for some m € M}

=xz+M

— [a]

For x # y, we have C, NCy = @
Proof. Let C, NC, # 2

Then, there exists a € C, N C,

Thus, a ~x and a ~ y

By reflexivity, z ~a and a ~ y

By transitivity, z ~ y

That is,x —ye M

or z —y = m for some m

But0e M

Hencez —y=0 m

Definition 83 The set of all equivalence classes of X is denoted and defined
as X/ M ={C, : x € X}
={z+M:z€X}

Note that the set of all equivalence classes of X form a partition of X
ile. X = UOI and C, NCy =@ or Cp = Cy
zeX

Theorem 84 If X is a Banach Algebra, M is closed ideal of X. Show that
X/M is also a Banach Algebra

Proof. Let usdefine +, - by (x + M)+(y + M) := (x + y)+ M, (z + M) (y+ M) :=
xy+ M and a(x+ M) :=ax+ M

We show that these operations are well-defined. Let x1 + M = zo + M. and
n+M=y+ M

Then, x1 —axo € M and y; —yo € M

That is, there exists m,, m, € M such that 1 —xy = m, and y; —y2 = my

In other words, x1 = m, + z2 and my +y2 = 11

We have to show that (z1 +y1) + M = (22 +y2) + M
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In other words, Cy, 4y, = Cayty,

Let a € Cy, 4y, , then a = x1 + y1 + m, for some m, € M

= a=Myp + T2+ My + Y2+ Mgy

= a = 23 +y2 +m for some m € M. Here m = m, + m, + m,. Here, we
have used the fact that addition is commutative.

Thus, a € Cy,4y,- The converse can be proved similarly.

Now we show scalar multiplication is well-defined.

Letz+ M =y+ M < x—y=m for somem e M

We have to show that ax + M = ay + M

Now, am € M since M is a subspace. Hence ax —ay € M < ax+ M =
oy + M

Finally, we show that multiplication is well-defined. To this end, we prove
that m (x + M) =M

Let a €

Let e+ M =2+ M. andyy + M =y + M

Then, x1 —axo € M and y; —yo € M

That is, there exists m,, m, € M such that 1 — 2y = m, and y; —y2 = my

In other words, x1 = my + x2 and my +y2 = Y1

We have to show that (z1y1) + M = (x2y2) + M

Let a € (x1y1) + M. Then, a = z1y; + my for some my € M

a = (mg +x2) (My +y2) + M

= Mgy + mgy2 + T2y + xoy2 + My

Since M is an ideal, mymy + mayo + xomy +my € M

Hence MMy + MgYo + TaMy +Mmp =m for some m € M

Thus, a = zays + m

a € Cryy,

Similarly, the converse can be proved.

Thus, the operations are well-defined. We show that X/M is a Banach
Algebra. First we show that it is a vector space.

Dae+M+y+M+z+M)

=zx+ M+ (y+z+M)

=+ @Wy+z2)+M

=(x+y) +z+M

=(@+y+ M)+ (z+M)

(z+M+y+M)+z+M

Na+M+y+M

=z+y+M

=y+z+ M

=y+M+z+M

3) The additive identity is M because (z + M)+ M = M+(x + M) =x+M

4) Let x + M € X/M be arbitrary. Then, z € X

= —ze€X

= (—x)+ M € X/M. This is the additive identity for every x+ M € X/M

5) al(z + M)+ (y+ M)]

=a(r+y+ M)

=ar+ay+ M
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(ax+ M) + (ay + M)
6) (o -+ B) (w + M)
=[(a+p)z]+ M
=ax+pPr+ M
= (az+ M)+ (Bz+ M)
alz+M)+5(x+ M)
a(f(z+ M))
o (B + M)
afx + M
(aB)o+ M
— (aB) (z+ M)
8) 1(z+ M)
=lz+M
=z+M
Next, we show that this is an algebra
D (@+M)(y+M)=zy+M
Since zy € X, zy + M € X/M. Hence multiplication is closed.
2) (& + M) (y + M)] (2 + M)
=(zy+M)(z+ M)
= (ay) 2+ M
(yz) + M
[(y + M) (z + M) + M
(z+ M) [(y + M) (2 + M)]
(o + M) [(y + M) + (= + M)]
(x+M)[y+2z+ M]
=z(y+z)+M
=xy+axz+ M
=(zy+ M)+ (xzz+ M)
— (o + M) (y + M)] + (@ + M) (z + M)
1) a (@ + M) (y + M)]
=a(zy + M)
=a(zy)+ M
= (az)y+M
= (ax+ M) (y+ M)
— [a(z + M)] (y + M)
The third last line is also equal to = (ay) + M
— (& + M) ((ay) + M)
= (z+ M)a(y+ M)]
Now, we prove that this is a Normed space. We define ||.|| : X/M — R by
||x+M||X/M:nir€1£4||a:—m||. To show that this is a norm,

Il

T
T

3

=

1) Since forx € X, me M C X, x —m € X. Hence ||z — m| >0
= in§w||x—m\| >0

me

s+ M0y 0
Also, [z + M| x5 =0
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= lreljfw||x—m|| =0
m
That is, the distance from z to M is zero. But M is closed. Hence
inf ||z —m| =0
eM
<~ xeM
<= x4+ M = M. This is the zero of X/M
2) Let a € C
Then, [jo (z + M)l x /0
= inf |az —am||
meM
= inf |a|ljlz —m]|
meM
—lo] inf [lo—m]|
meM
= lafllz + Ml x5,
3) Let ¢ + M,y+ M € X/M. Then,
[+ M +y+ M|y,
=l +y+Mlx/n
inf ||z +y —m]|
meM

=il [Jo — Jon+ v~ o

Jnf [lz = gml| + inf [ly - 3m]|
@+ M|l x /s + lly + Ml x /00

To show that this is a Normed Algebra,
(@ + M) (y + M)l x/ps

= ey + M x5

= nf |lzy —ml|

IA

< inf —aw —
< inf Jlay — 2w —my + wm|

= 12?4 lz (y —w) —m (y —w)|

= int e =m) - w)|

< inf (e = m)l Iy — )|

= inf o —m] inf [}y — m|

&+ M| x/ar 1y + Ml x /0

For completeness, let a,, = Z T, + M be an absolutely convergent series in
X/M. Then,

Z len + M| < o0

But ||z, + M| = nirelg/[ llzn — m||.

By definition of infimum, for each n, there exists v,, € M such that ||z, — v,| <
lon + M| + 5=

Now, Z [0 = val| < Z (Hxn + M| + 2%)

:ZH:anrMHJrZQL < oo

Thus, Z |y, —vn]| < o0
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That is, an — v, converges absolutely in the Banach Algebra X. Thus,
it converges in the ordinary sense.

Let an—vn =x € X. Then,

N
lz:zcn + M
n=1

—(x—&-M)H =

Z(wn—x)-i-MH

N
< Z(Jjn_x)_vn
n=1
N
= Z(xn*%)*w —0as N — o0
n=1
N
That is, lan—i—M —(x+ M)|| —0as N —
n=1

So that the sequence of partial sums of the series a,, converges. Hence X/M
is complete m

Theorem 85 An ideal M of a commutative unital Banach Algebra A is maxi-
mal if and only if A/M is a division algebra

Proof. Let M be a maximal ideal of A. Consider the canonical map 7 : A —
A/M defined by 7 (z) = x + M. For x = y, we clearly have x + M =y + M
hence 7 is well-defined.

We show that m € A (A)

mz+y)=z+y+ M

—u+ M+y+M=r(x)+7(y)

Next, 7 (ax) =ax+ M =a(x + M) = ar (z)

Finally, 7 (zy) =2y + M = (x + M) (y + M) = 7 (z) 7 (y)

Since M is maximal, M is a proper subspace of A so there exists © € A\M.
Consider J ={ax+y:a€ Ay e M}

Now, 0 € A and 0 € M. Hence Ox + 0 = 0 implies 0 € J. Next, let p =
a1x+y1 and ¢ = asx+y9 belong to J. Then, p—q = (a1 — a2) x+(y1 — y2) € J.
Furthermore, for a € A, aax + ay € J. Thus, J is an ideal of A. Since, e € A,
0€ M for ex+0 =2 € J implies x € M. . Hence M C J. By maximality
of M, we have J = A. Since e € A, we have axg + yo = e and, therefore,
™ (ax +y) =7 (e)

— 7 (a)m(z) +7(y) =7 (e)

Since y € M, 7 (y) = 0. Thus, 7 (a) 7 (x) = 7 (e). That is, for any arbitrary
element 7 (z) € A/M., we have an inverse 7 (a)

Conversely, suppose that A/M is a division algebra. We have to show that
M is a maximal ideal of A. For this, let us suppose that A is not maximal. Then,
either M = A or there exists an ideal J of A such that M C J C A.

If M = A, then A/M = {0}. That is, A/M has no non-zero element. This
contradicts the fact that A/M is a division algebra.

If M CcJcCA,then J/ M CA/M

And J/M is an ideal of A/M. So that J/M # {0} but this contradicts the
fact that A/M is a division algebra since a division algebra has no maximal
ideals. m
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Theorem 86 If M is a mazximal ideal of A, then there exists f € A(A) such
that ker f = M

Proof. Since M is a maximal ideal of A, then A/M is a division algebra. By
the Gelfand-Mazur theorem, A/M is isometrically ismorphic to C.
Denote this by ¥ : A/M — C. Define 7 : A — A/M by 7 (z) =z + M.
Let f =% om. Then, f(a+b)=(Pom)(a+b)
=V (m(a) +m (b)) =V(r(a)+ ¥ (r (b)):f() f(b)
Furthermore, f (aa) =¥ (7 (ea)) = ¥ (ar (
Finally, f (ab) = ¥ ( (ab)) = ¥ (7 (a) 7 (b)
Hence f € A(A). Now, ker f={z € A: f
orkerf={zecA: \IJOﬂ'( ) =0}
or ker f = {x eA:n(x)= 6} since ¥ is one-one
orkerf={rxecA:n(z)=M}
orkerf={z€eA:z+M=M}
orkerf={zxe€A:xe M}
That is, ker f =M m

Theorem 87 Let A be a commutative Banach unital Algebra and f,g € A (A)
such that ker f = ker g = M where M is maximal. Then, f =g

Proof. As M is maximal, there exists zop € A\M. Then, xzy € kerg. Hence
g(xg) #0. Let g = ;0) and let m = z — Bxg for m,x € A Then, g (m) =
g () — By (x0)

= g(x)— gg((fo)g(xo) = 0. Hence m € kerg = M

For f (m) = f () — Bf (o)

We have f (m) = 0 and, therefore, f (z) = 8f (x0)

e f (@) = 22 f (w0)

or f(z) = ag(x) where a = £(20) "Thig holds for all z. Hence f=ag

g(zo0) "
Now, o [g (z0)]* = ag (23) = f (23) = o®[g (x0)]?
Hence a = a*. This is only valid if « = 0 or « = 1. If @ = 0, then f,g
are trivial and ker f =kerg = M = A, implying the contradiction that M is
improper. Thus, a =1and f=¢g =
Thus, there is a one-one correspondence between the set of maximal ideals
of A and A (A), justifying the name "maximal ideal space".

N
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l\D

Theorem 88 Let A be a unital, commutative Banach Algebra and let x € A.
Then, A € o (x) if and only if X = f () for some f € A(A)

Proof. Let A € o(x). Then, z — Ae is not invertible. Since for any invert-
ible element z, f(x) # 0 so, there exists at least one f € A(A) such that
fx—Xe)=0.0r f(z) =

Conversely, suppose that f () = A for some f € A (A). Then, f (x — Xe) =0
or x — Ae is not invertible. Hence A € o (z) m
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Exercise 89 Show that there is only one multiplicative linear functional on C,
which is f (z) =z

Solution 90 Let f € A(C). Then, f(1) = 1 implies f(q) = ¢qf(1) = q for
q € Q. That is flg = I. Now for any f,g € A(C), f,g are identity on Q
and f,g are continuous. Let x be an irrational limit for a sequence of rational
terms x,. Then, f(x,) = g(x,). By continuity, we must have f (z) = g (z)
after the application of limits on both sides. Since x was arbitrary, therefore
fle = I = glg.- Finally, since f(i)*> = f(i*) = f(—1) = —1 and since the
only roots of x> = —1 are +i, then f(i) = i or f(i) = —i. That is, for any
f,g € A(C), f(2) = z or f(2) = Z But conjugation is not a multiplicative
linear functional. Hence f(z) = z is the only multiplicative linear functional

Solution 91 Let f € A(A). Then, f(az) = af (z). But this scalar is also a
vector. Hence f (az) = f(a) f (2)

That is, af (z) = f(a) or f(a) = a for any o € C and f(z) # 0 for
z # 0. Since the invertible elements of C and hence those elements for which
f(2) € G(C) is C\ {0}, it follows that ker f = {0}. Hence f (z) = z is the only
multiplicative linear functional.

8 Weak Convergence

We know that in calculus one defines different types of convergnce. We’ve seen
such types: ordinary convergence, absolute convergence and uniform conver-
gence. We now move on to consider a weaker version of convergence but in
order to justify the word "weak", we will call our usual understanding of con-
vergence as strong convergence. More specifically,

Definition 92 A sequence (x,) in a normed space X is said to be strongly
convergent if there is an x € X such that lim ||z, —z|| =0
n—oo

Again, this will be shortened to x,, — z or lim z,, = x. = will be called a

n—oo

strong limit.
Weak converge provides a sense in which a sequence is convergent based on
some particular support.

Definition 93 A sequence (z,,) in a normed space X is said to be weakly con-
vergent if there is an x € X such that for every f € X' lim |f (z,) — f (2)] =
n—oo

0.

This will be written z,, — . In a sense, we are mapping each member of a
sequence to a natural or real number, depending on the underlying field. That
is, we have a sequence (a,) = (f (x,)). This allows us to resort to the familiar
theorems specific for real and complex numbers.

Theorem 94 Let x,, — x. Then,
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1. The weak limit © of (x,,) is unique
2. Every subsequence of (z,,) converges weakly to x

3. The sequence ||z,]| is bounded

Proof. 1. Suppose z, — z and z, — y. Then, f(z,) — f(z) and
f(zn) — f (y). Since f (z,,) is a sequence of real or complex numbers, its limit
is unique. That is, f (z) = f (y)

= f(z—y)=0forall f

Hence x =y

2. This follows from the fact that if a real or complex sequence is convergent,
then every subsequence converges to the same limit as the sequence

3. Since (f (z,)) is convergent, it is bounded, say |f (z)| < ¢f for all n,
where ¢y depends on f but not on n. Define g,, (f) = f (z,,). Then, g, (f) is
bounded for every f € X’. Since X' is complete regardless of the completion
of X, we can apply the uniform boundedness theorem to X" and get ||gz,, ||
bounded. By another corollary, ||z,|| = ||gz, || =

Finite dimensional spaces make life easier; here’s another reason why:

Theorem 95 In a finite dimensional space, strong convergence and weak con-
vergence are equivalent

Proof. First we show that strong convergence implies weak convergence with
the same limit. If z,, — =. Then, forany f € X' |f () — f (@) < [/ |z — 2] —
0 hence z,, — x

Conversely, suppose &, — « and dim X = k. Then, z, = agn)el + ...+
oz,(cn)ek and z = ajeq +...+ageg. By assumption, f (z,) — f (x) for any f. We
take in particular fi, ..., fi defined by f; (ex) = d;5. Then, f; (z,) = a§") and
fj (z) = a; hence f; (z,) — f; (x). From this, we readily obtain ||z, — z| =

k k
S (o = ay) el <30 |0 = ay lles| — 0 hence 2, — = m
j=1

As might have been guessed, there are infinite dimensional spaces where a
sequence may converge weakly but not strongly:
Take an orthonormal sequence (e,,) in a Hilbert Space H. Since every f € H’
has a Riesz representation, f(z) = (z,z). Hence f(e,) = (en,z). From the
o0

Bessel inequality, Z [{en, 2)]* < ||z]|* so that the series on the left converges to
j=1

zero. That is, (e,,2) = f(en,) — 0. Since f in arbitrary, we see that e,, — 0

but that is true since ||e, — em||2 =(em —€n,em — €n) =2

Exercise 96 If z,, € C[a,b] and x, — = € C[a,b], show that (x,) is point-
wise convergent on [a,b]
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Solution 97 We have to show that z, (t) — x (t) for every t € [a,b]. Func-
tionals fi, of Cla,b] are defined for vectors x (t) € Cla,b] such that fi, (z(t)) =
x (to) for to € [a,b]. Hence, for any sequence of functions (vectors) , (t) in
Cla,b, 2 (t) 2 2 (1)

2 o 0 () — fuo (5 (2)

= x,, (to) — z (to) for any to € Cla,b]. Hence weak convergence implies
point-wise convergence in C|a,b]

Exercise 98 Let X and Y be normed spaces., T € B(X,Y) and (z,,) a se-
quence in X. If x, — xo, show that T (z,) — T (zq)

Solution 99 Let x, — xo. Then, |f(z,) — f ()] — 0. From |f| =
sup |J|£|_(ﬁ|)|, we have ||z|| = sup Ulc\(fﬁl)‘ Thus, ||z, — x| = sup ‘f(gﬁ;ﬁ”o)‘so

0#£z€X 0#£feX’ 0£feX’
that for any g € Y and for any T € B(X,Y), we have |g (T (z,)) — g (T (z))| =
g (T (xn) = T'(2))| = |g (T (n — )]

< lglHT (2 — )

< gl 1T llzn — =]

gl Tl sup Lzl g

0#£feX’

Weak convergence covers scalar multiplication and vector addition.

Lemma 100 If (z,,) and (y,) are sequences in the same normed space X, show
that T, — z and y, — y implies T, + yn — x +y as well as o, — oz

Proof. Let z,, — x and y,, — y. Then, for all € > 0, we have N; such that
|f (zn) — f(2)] < €/2V¥n > Ny and Ny such that |g (yn) — g (y)] < €/2 ¥n > N
for all g,f € X . Let N = max {N1, N3} and choose the particular f = g.
Thena |f (xn + yn) - f (:E - y)‘

= |f(zn) = f (@) + f(yn) = f (W)

17 (@n) — £ @)+ 9 ) — 9 (0)] < 1 (@n) — £ @] +19 (4) — 9 ()] < € for
alln > N

= f(¥n tyn) — f(z+y)

= Tyt Yy —— T Yy -

Similarly, we can have |f (x,,) — f (z)| < ¢/ |a| and |f (az,) — f (ax)]|

= |of (zn) — af (z)|

= lof|f (zn) — f(2)] <€

w
= ar, —ar |

Exercise 101 Show that x,, — xq implies lim inf ||z, | > ||zo||
n—oo
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Solution 102 For any weakly convergent sequence ©, — xo # 0, we can
choose ny, such that the subsequence ||x,,| — lim inf ||z,||. Note that this
n—oo

does not violate the fact that every subsequence converges weakly to xo. Now, by
Hahn-Banach theorem, there exists f € X such that ||f|| =1 and f (z¢) = ||xo]|-
Then, |f (@n)] < [[Fll |20 | = |20 || and
= lim | (zn,)] < lim [z, ||
ngE—00 Nng—00

= | lim f(zn,)

< lim inf ||z, ||
N — 00 n— oo

= ‘f( lim xnk)‘ < lim inf ||z, ]|
N — 00 n— 00
= |f (zo)| < lim inf ||z, || since every subsequence converges weakly to the
n—oo

same limit
= ||zo]| £ lim inf ||z, ]|
n—oo

Exercise 103 If x, — o in a normed space X, show that zo € Y where
Y = span (z,)

Solution 104 Assume that xo € ¥ = x9 € X — Y. Then, the conditons
satisfy the statement of theorem 4.6-7. Hence there exvists f € X such that
|f ()] =0 forally €Y and f(x9) =6 = in%Hy — x|

ye

Since Y = span(v,), then x, € Y = f(z,) = 0 for all n. Hence
f(xn) — f (o) implies f(xo) = 0 = inf |ly —xo|| = 20 € Y. Contra-
yey
diction.

Exercise 105 If (x,) is a weakly convergent sequence, show that there is a se-
quence (Ym ) of linear combinations of elements of (x,,) which converges strongly
to xg

Solution 106 From the previous exercise, we have that any element y,, of Y
is a linear combination of (x,). Since xo € Y. therefore either xo is a limit
point or it belongs to Y. In the first case x,, — xo strongly. If xq is not a limit
point, then it belongs to Y and is, therefore, a linear combination of (x,), in
which case for any linear functional, f (zo) = f (3. an,@n, ) implying divergence
of the sequence f (), which is a contradiction.

Corollary 107 Any closed subspace Y of a normed space X contains the limits
of all weakly convergent sequences of elements.

Definition 108 A weak Cauchy sequence in a real or complex normed space
X is a sequence (zy,) in X such that for every f € X', the sequence (f (xy)) is
Cauchy in R or C.
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Note that lim f (x,) exists. A weak Cauchy sequence is bounded
Proof. Let z, be a weak Cauchy sequence. Then, for any given ¢ > 0, we
can find N € N such that |f (z,) — f (z)| < € for n,m > N. Choose b =

max {f (z1), f(x2),..., f (xn—-1),€}. Then, |f(z,)| <bforalln. =
Furthermore, every non-empty subset containing a weak Cauchy sequence is

bounded
Proof. Let A be a set in a normed space X such that every nonempty subset

of A contains a weak Cauchy sequence. Assume that A is not bounded. Then,
there exists an unbounded sequence in A such that ||x,| — oo. Since every
subsequence converges to the same limit, we can find a weak Cauchy subsequence
which is unbounded, a contradiction. m

Definition 109 A normed space X is said to be weakly complete if each weak
Cauchy sequence in X converges weakly in X .

Lemma 110 If X is reflexive, then X is weakly complete.

Proof. If a normed space is reflexive, then it is complete. It remains to prove
that every complete space is weakly complete. This follows from the fact that
strong convergence implies weak convergence. m

9 Weak Topology

Definition 111 Let X be a set and let T be a family of subsets of X. 7 is called
a topology on X if

1. X, 09 €T
2. Any union of elements of T is an element of T
3. Any intersection of finitely many elements of T is an element of T

Definition 112 A subset Z of X is called T-open or simply open if Z € 7. A
is called closed if Z¢ € 7. For x € X, N C X is called neighbourhood of x
if there exists U € Tx such that x € U C N. A collection B of subsets of X is
called a basis if a) Vo € X, 3B € B such that x € B and b) if By, Bs € B and
x € By N By, then 3B € B such that B C By N By

A direct consequence of this is as follows: 7 = {UBl :B;eBandie I}.

7

C:{U:VUETandVazeU,HV:erCU}isabasis.S:{A:AgXand UA:X}

n
is called a subbasis. In this case, 7 = UB :B = ﬂSi for S; € S ;. Thus,
i=1
a subbasis is formed by taking finite intersections of elements of the basis and,
therefore S C B.
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Definition 113 Let (X,7x) and (Y,Ty) be two topological spaces. Then, f :
(X,7x) — (Y, Ty) is called continuous if for every V € Ty, we have f~1 (V) €
TX

Definition 114 Let {X; : i € I} be a family of topological spaces. Consider

X:HXZ-

icl
Then, X 1is called product topology or Tychonoff Topology if it has the

fewest open sets for which all projections projection p; : X — X; are continu-
ous.

Theorem 115 (Tychonoff Theorem) Assuming the Axziom of Choice, the
product of a family of compact space is compact in the product topology.

Definition 116 Let 71 and T2 be two topologies on a set X, and assume 171 C
To; that is, every T1-open set is also To-open. Then we say that 71 is weaker
than T4, or that 7o is stronger than 1.

An equivalent way of saying this is as follows: B; is a basis for 7;, then By C
By. Furthermore, in this situation, the identity mapping on X is continuous
from (X, 72) to (X, 71).

Definition 117 Let (X,7x) be a topological space. X is called Hausdroff if
for all x,y € X, there exists a neighbourhood U of x and a neighbourhood V' of
y such that UNV = &.

Definition 118 Let A be an indexing set. The set C = {U, : o € A} of indexed

family of sets Uy is a cover of X if X C U U,. A topological space is called

acA
compact if every open cover can be reduced to a finite subcover.

It follows that every finite set is compact.
Proposition 119 Compact sets in Hausdroff Spaces are closed

Proof. This is easy to see in the finite case. For the infinite case, let C be
a compact subset of a Hausdroff Space X. Then, for every open cover, we
can have a finite subcover of neighbourhoods U (z;) for 1 < i < n. X being
Hausdroff implies that V (z;) for n+1 < ¢ < m is disjoint from U (x;) for each i.
Consider V, = ﬂV (x;) for some a € X. Then, V (x) C X — C and, therefore,

X-C= UVa is open. m
acX

Not every compact set is closed. For instance, in the cofinite topology (a
topology in which every closed set is finite) for Z, every subset of Z is compact,
some of which are closed (finite) and some of which (infinite ones) are open. To
see this, consider two cases of a subset A. If A is finite, then it is compact. If it
isn’t, then one can always find a finite subcover by simply taking union of two
open infinite sets, which can always be found, given the definition of cofinite.
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Proposition 120 FEvery closed subset of a compact set is compact

Proof. Let (X, 7x) be a compact topological space and let A¢ € 7x. Let C be
an open cover of A°. Then, AU C is also an open cover of A. Since (X, 7x) is
compact, therefore C' can be reduced to a finite subcover C = {Uy, Us, ..., Ug }.

Since X C UC and A C X, therefore A C U C, which implies that A is compact
by definition. =

Proposition 121 Countable product of Hausdroff spaces is Hausdroff

Proof. Let {(X,,74)} be a family of Hausdroff spaces for & € I. Consider

(X,7) = [[(Xar )
acl
(aa), (by) be two disjoint points of (X, 7). Then, a; # b; for some i € I.

Since (X, 7;) is Hausdroff so there exist two disjoint open sets U;, V; C .S; such
i—1

that a; € U;, by € V;. In this case, [[(Xa,7a) x Uix J[ (Xa:7a) and
a=1 a=1+1

i—1

H(Xa,Ta) x Vix H (Xa,Ta) are two open disjoint sets in the product

a=1 a=1+1

space (X, 7) containing the original points. m

Proposition 122 71 C 79 are topologies on a set X, if 71 is a Hausdorff
topology, and if T is compact, then 71 = T2

Proof. Let F° € 75 . That is, F' is To-closed. Since X is To-compact, and F'is a
closed subset, therefore F' is 79-compact. From, 71 C 79 we have F'° € 71. Also,
every opencover of 71 is also an open cover of 75. Therefore, F' is 71-compact.
Since 71 is a Hausdorff topology, it follows from the previous proposition that
F'is 71-closed. That is, F'° € 71. Thus, 7o C 71 =

We know that a norm space gives rise to a metric space and hence a topolog-
ical space. We also know that equivalent norms on N define the same topology
for N.
Proof sketch. Suppose that a norm ||.||; generates a topology 71 and ||.||,
generates the topology 7o. What this means is that open sets (balls) in either
topology will be formed from their respective norms. To prove that the topolo-
gies are equivalent, we need to prove that they are both subsets of each other.
This can be done by showing that every open set in one topology is contained in
another because of the radius of the ball is less than or equal to than a constant
times the radius of the other. m

We may define a possibly different (weaker) topology on N using the con-
tinuous dual space N*. Obviously for any f € N*, f is linear and bounded
and, therefore, continuous. By defining a new topology on N, we must ensure
that the continuity of functionals is not compromised. We, therefore, want a
topology on N which should be the coarsest topology with respect to N* such
that each element of N* remains continuous. Rigorously,
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Definition 123 Given a Banach Algebra A over a topological field F, the weak
topology T, on A is the coarsest topology on A such that each f : (A, 1) — F
18 continuous.

By continuity, we must have open sets as the inverse images of open sets.
Thus, it makes sense to require that the initial topology be described as the
topology generated by sets of the form f~!(V), where V is an open set in F.
This makes sure that open sets of A are formed in the smallest possible way with
respect to F. Now, since the arbitrary union and finite intersection of open sets
of a topological space are open, we can use fi_l(V) to generate for ourselves
a topology, which is the weak topology. It, therefore, makes sense to have a
subbasis. A subbasis for the weak topology is the collection of sets of the form
f~1(V) where f € A* and V is an open subset of F.

It is easy to see that we can have Uf_l (V;) = A for some i € I

In the topological setting, converglence is defined as follows: a sequence
x, — x € X if YV € 7 containing x, there exists a natural number N such
that =, € V for all n > N. Similarly, a sequence z, is Cauchy if YU € 1
containing 0, there exists a natural number N such that =, — x,, € U for
all n,m > N. With this in mind, we assert that the consideration of a weak
topology coincides with the idea of weak convergence. Specifically, a sequence
(z,,) in A converges in the weak topology 7 to the element = of A if and only if
f(xn) — f(z) for all f e A*.

Proof. ( =) Since f € A* is continuous, this side is trivial.

n

(<= )Let x € U € 7. By definition, U is made by union of ﬂf‘l(Vi) for

i=1
all f € A*. Thus, f(z) € V; for all i. By hypothesis, f(z,) — f(z). That is,
VV; € T containing f (x), there exists a natural number N; such that f (z,) € V
for all n > N. Letting N = max N; completes the proof. m

Let E be a bounded subset of a Banach Algebra A. The collection of sets
B = {Ueg:e>0,ECA}, where U g = {f€ A" :|f(z)|<eVx € E} is a
neighbourhood of the zero functional, defines a basis for a topology. Notice
that 0 € A* and that for f = 0, |f(z)| < € for all z € E C A. Hence the
defined U, g are non-empty and, therefore, any such two neighbourhoods have
a nonempty intersection. Note that for £ = @, U, g = @.

Now we show that such a collection forms a basis. That is, a) Every f € A*
is contained in some U, g and b) If z € U,V € Q, then 3W €  such that
xeWclinV

a)

For any = € A, define E = {z}. Then, E is bounded. Thus, for any f € A*,
7 @) < Izl < IIf]l lz|| + 8 = € for § > 0. Hence for any f € A* and x € A,
we can have U, g containing f where E = {z} and € = || f|| [|z| + 0.

b)

Let z € U, g, , Ue, m,- Thatis, there exists f1, fo € A* such that | f1 (z)| < ;1
and |f2 (y)| < ez for all z € Fy and y € Ey. Define E := E; N Ey C E; where
i = 1,2 and FE is bounded since E;’s are bounded. There are two cases to
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consider. If A; N A, is empty, then (b) is vacuously true. If E; N By # &, then
define € = min{e1,e2}. Then, |f(z)| < €, Yo € E where f € U,y 5, N U, B,
This intersection is always non-empty. Hence we have shown that there exists
a set U g such that Uc g C U, g, NUe, B,
Since such a collection forms a basis, it suffices to say that the collection of
arbitrary unions of U g with varying €, E forms a topology. However, we prove
this directly.
Proof. U, is open. We show that Up = {f € A" : |[f (z)| > eVx € E} is
closed. Let f be a limit point of U ;. Then, there exists a sequence f, in U;
such that f, — f. That is, |f, (z)| > € for all z € E. By continuity of ||,
|f ()] > e. We also show that f is linear. Since every € neighbourhood of
[ intersects U, g, we must have |f (z) — f, (z)| < €'/3, |f (y) — fn (y)] < €/3
and |f (z+y) — fu (x+y)| < €/3 for z,y € E. Note that f, (z+y) = fr (z)+
fn (y) for all n hence | f (z +y) — f(x) —fWl=1f@+y)+fu(zt+y) = folz) = fuly) = f (@)= [ ()]
V1) = £ @1 0) = W +1S 4 =S+ <
Hence f (1-44) = (1) + £ )
Next, let |f, (az) — f (ax)| < € /2 and |f (z) — fn (x)] < €/2]a|. Hence
1/ (a@) — af @) = |f (az) — af (&) + fu (az) - afy (@)
<11 (a2) — fu ()] + |of (z) — afn (2)] < €. Thus, f (az) = of (2)
Thus, each U g is a member of the weak topology. By the same reason
and by the construction of a set Uc g such that Uc g C U, g, N U, E,, the
intersection of two open sets is open.
Now, let U, g, be elements of basis B for some indexing set I. For e =

max {€¢;} and F = UE“ we have U, g = UUQ g,;- To obtain &, we take the

empty union. Thus, arbltrary union of open sets is open. It is easy to see that
we can generate the dual space itself since every functional has a non-emtpy
kernel.

Thus, the neighbourhoods of zero generate a topology for the dual space. m

As aremark, we mention that every finite set is bounded. Thus, B={U. g :¢>0,E C A} D
A={U.g:¢>0,C C A} where C is a finite set, F is a bounded set. Thus,
TA D TB-

We now move on to consider a topology on the original Banach Space.

Consider C = {S(xo,e, C*):e>0,C* C A'} where C* is a finite set, and
S(zo,e,C*)={z € A:|f(x)— f(z)] < eVf € C*}. We first prove that C is a
basis.
Proof. a) Since f is continuous, for every € > 0, we can find a ¢ such that
|f (x) — f (zo)] < € whenever ||z — x| < 0. That is, given any € > 0, we can
find € A in a 6-nbd of 5. Hence (a) holds. By the same reason, S (zg, €, C*)
is open.

b) Now, let Cf = {f1, fa,..., fn} and let C5 = {g1,92,...,9m}. Consider
S (xo, €1,CF) and S (zo, €2,C5). Again, v € C* := C; N C§ is either empty
or non-empty but finite in both cases. In the former, there is nothing left
to prove. In the latter, let ¢ = min{e1, ez} and C* = {hq,ho,...h;} where
k < min {m,n} to prove (b). The existence of C* is, therefore, independent of
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the linear dependence of elements from C} and C5. m

Thus, C generates a topology. If we want subbasis, we need to consider
finite intersections of S (xg,€,C*). These open sets are some of the inverse
images spoken of in the definition of subbasis for the topology on A.

Definition 124 The coarsest topology on A* with respect to which all function-
als F, in A** are continuous is called weak-x topology

We now consider the neighbourhood

Problem 125 Show that the collection of sets Q@ = {S (fo,€6, F) : € >0, E C A}
where A is a Banach Algebra, E is a bounded set and S (fo, €, E) = {fo € A* : |Fy (f) — Fy (fo)| < ¥z € E} =
{feA*:|f(z)— fo(z)| < eVx € E} defines a basis for a topology

Solution 126 a) Let f € A*. Since |Fy (f) — Fy (fo)| = |f () — fo(z)] <
IIf = follllz]l < € for all x € E, hence (a) holds

b) Consider S (fo,€1,E1) NS (go, €2, E2). Then, define E := Ey N B2 and
e = min{e1, ea}. If E is empty, then so is S (fo, €1, E1) NS (go, €2, E2). If not,
then clearly, S (ho,€, E) C S (fo,€1,E1) NS (go, €2, E2)

Now, if the collection of sets Oy = {S (fo,€, F) : € > 0, E C A} where E is a
finite set defines a basis for a topology (which it does), then Q; C © and hence
T C TQ,-

Note that the weak-* topology is generated by || f||, = |f (z)| and also that
for any F, : A* — C is continuous.

Theorem 127 The weak-* topology is Hausdroff

Proof. Take two functions f and g. That is, we must have a vector z €
A such that f(z) # g(x). We have to show that their neighbourhoods are
disjoint. Take € = M > 0. If S(z,f,e)NS(x,g9,¢) # &, then let
In this case, |h (z) — f (z)| < eand |h (x) — g (z)| < €. Now, for |f (z) — g (2)]
1 (@) = h(@)| + | (2) — g (2)] < 2
Hence |f (z) — g (2)] < Q.M which implies 3 < 2, a contradiction.
Hence S (z, f,e) NS (z,9,€) =< m

IN

Theorem 128 (Banach-Algalou Theorem) Unit ball is weak-+ compact.

Proof. Take K = {f € A*:| f|| <1}. With each vector z € A, associate a
compact, Hausdroff space C, where C,, is the closed ball {z : z < ||z||}. By the
Tychonoff theorem, the product C = H C, is also compact. Since each For each
x, the value of f (z) for all f € K lies in C, since |f ()] < [|f]| =] < ||z|| so
we can consider K C C where f € K is associated with (f (z1), f (z2),...) € C
for x1, o, ... € A. In fact, we have embedded K in C'. Since the closed subset of
compact set is compact in the Hausdroff topology, to show that K is compact,
we show that K is closed. Let h € K¢ Then, there exist h, € K such that
hn — h. hy, € K implies ||h,|| < 1. By continuity of norm, ||k| < 1. This h is
also linear. m
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Theorem 129 The structure space of a commutative Banach Algebra A is
weak-x closed.

Proof. For any multiplicative linear functional f, || f|| = 1, as proved. Hence
A(A) C K ={feA :|f|| <1}. Hence A(A).C K. Let Let h € A(A).
Then, h is linear. Therefore in order to show that h € A (A), all we have to
show is h (zy) = h(x)h(y) for all z,y € A

Consider the weak-* neighbourhood W = W (X, h,€) of h for X = {z,y,z + y, zy}.
Since f(zy) — f(xz) — f(y) = 0 for f € W we have |h(zy) —h(z)h(y)] <
|h(zy) = fzy)l+ [h (@) = f (@) +]f () —h(y) —0. =

Corollary 130 A (A) is weak-+ compact.

Proof. This follows since K is compact and Hausdroff and A (A) is closed. m

9.1 Gelfand Topology

The Gelfand topology of A (A) is the weak-+ topology induced by (A*, 7).
That is, (A (A),7a)) ={Y NX: X €1y}
For each x € A, define a mapping & : A (A) — C by 2 (f) = f (z) for all
feA(A). z:A(A) — C is continuous by definition of weak-* topology.
Consider the mapping ¢ : A — A where A € A** such that D (&) = A (A)
for all x € A where ¢ (z) = . This is well-defined

Proof. =y
= f(z)=f(y)
= ?(f)A:jQ(f) for all f € A(A)
= =7
= ¢(@)=¢(y) =

@ is called the Gelfand transform.

Definition 131 Let A be a unital Banach Algebra and let M be the set of all
maximal ideals of A. The radical or Jacobson radical of A, denoted by radA,
18 the intersection of all maximal ideasl of A.

That is, radA = n M.

MeM
We have seen before that there is a one-one correspondence between the

elements of A (A) and the set M of all maximal ideals of A, therefore radA =
ﬂ ker f.
feAx
A is called semisimple if radA = {0}. Note that radA is a two-sided ideal of
A. We have seen that each maximal ideal is closed.

Example 132 Let A = C™ with coordinatewise algebraic operations. Mazimal
ideals of C" are M; = {(x1,x2,...,2,) 1 2; €C, z; =0, 1 < j < n}. radA = {0}
hence A is semisimple. Projection operations P; are corresponding multiplicative
linear functions with ker P; = M,
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Example 133 Let A= C(X). For eachz € X, M, ={f € C(X): f (z) =0}
are mazimal ideals. Clearly, A is semisimple.

Theorem 134 A (A) is weak-+ compact and Hausdroff

Proof. A(A) is a weak-x closed subset of A* which is a compact, Haus-
droff space. Hence A (A) is weak-+ compact. A (A) is weak-+ Hausdroff since
Hausdroff property is hereditary. We prove this directly. (A (A),Ta A)) =
{YNX:X €r,} where for any distinct ,y € A*, there exist disjoint neigh-
bourhoods U,V € 7,, such that z € U and y € V. For distinct f,g € A (4) =
f,g € A* and, therefore, exist disjoint neighbourhoods U,V € 7, such that
feUand g e V. Thus, f € A(A)NU and g € A(A) NV such that
(AA)NU)N(A(A)NV)
=A(A)N({UNV)=@. By definition, A(A) NV, A(A)NU € Ta4) ®

Theorem 135 The Gelfand representation x —— & is a homomorphism of A
onto A whose kernel is the radical of A. Furthermore, the Gelfand representation
18 an isomorphism iff A is semisimple

Proof. Note that AcCC(A(A)is a subalgebra. The algebraic operations
on A are defined pointwise. Let &, € A and o € C. That is, (Z+9) (f) =
&(f)+9(f), (@) (f) = (2 (f)) and (&7) (f) = [& ()] [5 (f)]

We have to prove that

(1) p(z+y) = ¢ (x) +¢(y)

UU@()*Q¢()
(112) ¢ (zry) = ¢ () ¥ (y)

O yety) =cz+y=[flzt+y)
=f@)+f)=t+9=p@)+¢@)
Hence (z) holds.

(@) @ = f(or) —af () =7
(i) 75 = [ (ay) = f (@) f (5) = 23
Now, kero ={z € A: ¢ (z) =0}
={xeA:2=0}
={xcA:&(f) =0V}

= ﬂ ker f =radA

feAx

 is an isomorphism
<= keryp = {0} =radA4
<= A is semisimple m
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